We consider the problem of axion production by bremsstrahlung emission in a nuclear medium. The usual assumption of a massless axion is replaced by more general hypotheses, so that we can describe the emission process for axions with mass up to a few MeV. We point out that in certain physical situations the contribution from non-zero mass is non-negligible. In particular, in the mechanism for the production of Gamma Ray Bursts via emission of heavy axions the axion mass (m a ∼ 1 MeV) is comparable with the temperature of the nuclear medium, and thus can not be disregarded. Looking at our results we find, in fact, a fairly considerable reduction of the axion luminosity in that mechanism.
Introduction
It is largely believed that the Peccei-Quinn (PQ) mechanism [1] must be realized in nature, since it explains the smallness (or absence) of the CP-violating term in the strong sector of the SM. This problem, known as the Strong-CP problem, is solved dynamically: the CP-violating term is driven to zero by the relaxation of a pseudo-scalar field around its Vacuum Expectation Value (VEV). The field who plays this role, named axion, is the main prediction (still unverified) of the theory. Axions emerge as Pseudo-Goldstone Boson (PGB) modes associated with the (mostly) spontaneously broken PQ symmetry U (1) PQ . The PQ or axion decay constant f a , which corresponds to the energy scale of the spontaneous symmetry breaking, characterizes almost all the axion properties, on a phenomenological ground [2] . 1 More specifically the axion mass is given by the relation m a /eV ≃ 0.62
while its interactions with fermions are measured by g i ∼ m i /f a , where m i represents the fermion mass (e.g. m e , m N , ... for electrons, nucleons, etc.).
Since the PQ mechanism does not fix f a , the axion phenomenology is largely modeldependent. However the presently allowed range for f a is rather narrow [2] : terrestrial experiments and astrophysical considerations have in fact excluded all the value of f a up to 10 10 GeV, 2 while cosmological considerations about axion non-thermal production demand the upper bound f a ∼ < 10 11 − 10 12 GeV. 3 The most stringent lower limits on the axion scale f a derive from astrophysics. Indeed, terrestrial experiments exclude values of f a only up to a few 10 4 GeV. 4 However, this value of the axion constant demands the upper limit on the axion mass m a ∼ < 1 keV, by virtue of relation (1) . Such a light particle should be emitted from stars of all varieties, and should thereby affect stellar evolution. Thus the axion interaction with the stellar matter must be reduced. This explains the strong limit ∼ 10 10 GeV on the PQ constant, which is then a direct consequence of relation (1) . However, this relation is not a prediction of the PQ mechanism, and so does not necessarily apply to axions. Actually, the only requirement for the axion field from the PQ mechanism is to dynamically cancel the CP-violating part of the QCD Lagrangian, and this is still possible without satisfying relation (1) . This would considerably enlarge the parameter space for the axion, as discussed in [8, 9] . It is then plausible that, in the future axion models, relation (1) could be re-considered. We can, in fact, refer to a specific example: in [9] , it is considered an axion with mass m a ∼ 1 MeV and PQ constant f a ∼ 10 6 GeV, and it is shown that it can still drive the QCD Lagrangian to its CP-conserving minimum. A particle like that can not be excluded by any phenomenological consideration. In particular, for such a massive axion, the lower limit on the PQ constant is just the terrestrial one (f a ∼ a few 10 4 GeV), since it can not ruin the stellar evolution process.
The phenomenology of this non-standard axion is quite interesting. As proposed in [10] it can be a key ingredient in explaining the production of Gamma Ray Bursts (GRBs). It can be produced during the merging of two compact objects and then, after its decay, efficiently transfer the gravitational energy of the collapsing system into an ultra-relativistic e + e − plasma, the fireball, far from the impact place. Also, since it can be produced in the hot core of type II SN, it can decay into e + e − before reaching the stellar surface and, by doing so, transfer a huge amount of energy to a distance of about 1000 Km from the stellar core, helping the SN explosion (thermal bomb). On the other hand, because type Ib/c SN are smaller, some axions are able to leave their surface and then decay into photons, explaining the observed events of weak GRBs related to type I SN.
The possible existence of heavy pseudo-scalar particles motivates the effort to reconsider the most interesting astrophysical axion processes, removing the usual assumption of zero mass. A particularly interesting example is the well studied nucleon-nucleon axion bremsstrahlung process
where N represents a nucleon. This is the most important axion production mechanism in the hot and dense core of a SN (T ∼ 30 − 80 MeV, ρ ∼ (6 − 10) × 10 14 g cm −3 ), and has received much attention in the past years, in particular after the observation of the neutrino signal from SN1987A. In fact, an axion overproduction in the SN core would ruin the temporal structure of this signal, and this analysis sets the most stringent lower bound on the PQ constant. After the pioneering work of Iwamoto, several other papers discussed the subject [11] , but always in the hypothesis m a ∼ 0. This is clearly very well justified for a standard axion in the SN core, though not for the "axion-GRBs" mechanism of ref. [10] , where heavy axions are produced in a medium at a temperature comparable with their mass.
In this paper we discuss the axion emission from nucleon-nucleon axion bremsstrahlung process, replacing the usual assumption of a massless axion with more general hypotheses, so that we can describe the emission process for axions with mass up to a few MeV. In addition, we will consider the effect of the pion mass in the propagator of the nucleonnucleon interaction. Thus we extend the previous analysis, and with these more general assumptions, the above process can be studied in a considerably larger set of physical situations. There are, in fact, physical conditions in which the standard results can not be used, while our hypotheses are still valid, as for the limit of very small axion momentum, and the phenomenology of the "axion-GRBs" mechanism that we have described above; this last will be our main reference example throughout the paper. We will revisit it, showing that the use of the standard results led to an overestimation of the axion luminosity, for fixed axion-nucleon coupling, by a factor 3 − 10. This result, however, does not spoil the general idea of reference [10] .
The paper is organized as follows: in section 2 we briefly review the "axion-GRB" mechanism of reference [10, 9] , while in section 3 we describe the emission process in the nucleon-nucleon axion bremsstrahlung for non-negligible axion mass, and give some numerical results; finally, in section 4, we summarize the results and add some comments. Technical points and some generalizations are discussed in the appendix.
2 Axion emission and gamma ray bursts.
In this section, we briefly review the mechanism of reference [10] that considers a heavy, non-standard axion as the key ingredient in the production of Gamma-Ray Bursts (GRBs). Since this will be our main example, we will frequently refer to it throughout the paper as the "axion-GRBs" mechanism.
The most striking feature of GRBs is that an enormous energy, up to 10 53−54 erg, is released in a few seconds, in terms of photons with typical energies of several hundred keV. The time-structure of the prompt emission and the afterglow observations well agree with the fireball model [12] in which the GRBs originate from the e + e − plasma that expands at ultrarelativistic velocities, undergoing internal and external shocks. The Lorentz factor of the plasma needs to be very large, Γ ∼ 10 2 , and this requires a very efficient acceleration mechanism. In particular, the fireball has to be formed in a region of low baryonic density so that the e + e − plasma is not contaminated by more massive matter (baryons). Thus the problem remains how to transform efficiently enough the available energy into the powerful GRBs. Due to the low efficiency of the νν → e + e − reaction, the models invoking it as a source for the GRBs (see, e.g., [13] ) have a lot of difficulty in reaching such large photon luminosities.
In ref. [10] , a more efficient mechanism was proposed that invokes the a → e + e − decay, rather than the reaction νν → e + e − , where a is a heavy (m a ∼ MeV) pseudoscalar particle. This can be effectively produced inside the accretion disks that form after the merging of two compact objects, like two Neutron Stars (NS) or NS and Black-Hole (BH), and, decaying far from the disk, can efficiently transfer the gravitational energy of the collapsing system into the ultrarelativistic e + e − plasma. The advantages of this mechanism, with respect to the νν → e + e − annihilation, are obvious: first of all, it is 100 percent efficient, since the decaying axions deposit their energy and momentum entirely in the e + e − plasma; in addition, the decay can take place in the baryon free regions, at distances of 1000 km or larger, and so the plasma can reach a Lorentz factor Γ ∼ 10 2 .
The parameter range needed for this scenario points to an axion-like particle, with a mass m a of a few MeV, coupling to nucleons g N ∼ 10 −6 and to electrons g e ∼ 10 −9 . This range of coupling constants coincides to that of the invisible axion, with the PQ symmetry breaking scale f a ∼ 10 6 GeV. However, for such a value of f a , a standard axion would have a mass of a few eV, whereas the needed particle must have a mass of a few MeV, i.e. about a million times larger. Hence, its mass must not be constrained by the standard relation (1). However, this ultramassive axion cannot be excluded by the existing experimental data and astrophysical limits. Moreover, the relevant parameter window is not far from the present experimental possibilities, and it can be tested with the reactor and beam dump experiments in the close future.
A possible candidate for this new particle could be the "failed" standard axion, which reaches order MeVmass via the Planck scale effects. In this case, however, it cannot be considered for solving the strong CP-problem. A more interesting possibility was presented in [9] , in which the mass relation (1) is changed by virtue of the axion interaction with a hidden (mirror) sector of particles. In this last case, the resulting particle is still an axion, meaning it still solves the strong-CP problem.
In the hot medium with temperature T ∼ a few MeVand density ρ ∼ 10 10 − 10 12 g cm −3 , typical of the central zone of the accretion disk, the nucleons are non-degenerate and nonrelativistic E i ∼ m + p 2 i /2m. In these conditions, the main emission process is the nucleon-nucleon axion bremsstrahlung N N → N N a. Even though this process has been extensively studied in the past, it was always related to the emission of standard axions from the SN core, where m a /T < 10 −10 . Therefore, the hypothesis m a = 0 was always assumed. Also, as we will show in the next section, at the high temperatures inside the SN core, the pion mass in the propagator of the nucleon-nucleon interaction can be neglected. On the other hand, this approximation is not justified at the temperature of a few MeV. A careful analysis of the nucleon-axion bremsstrahlung process is given in the next section.
We will show that the use of the standard results for the axion emission rate in [9, 10] led to an overestimation of the axion luminosity for fixed axion-nucleon coupling g n , by a factor ∼ 3− 10. This result, however, does not spoil the general idea of ref. [10] , since the resulting luminosity is still enough for the production of the GRBs.
Observe, in addition, that the maximal luminosity obtainable in the this mechanism remains essentially unchanged, even if the axion and pion mass effects are taken into consideration. We can briefly explain this result, that will be extensively described at the end of the next section: if the axions are not trapped in the disk, the luminosity function increases with g n , until the axions start to interact too strongly with the nuclear matter, and their mean free path becomes smaller than the accretion disk size. Therefore the maximal axion luminosity corresponds to a certain value of the axion-nucleon coupling, g tr n , while for a larger coupling the axions become trapped in the disk, and their emission rate decreases. If the non-zero mass effects lower the axion luminosity for fixed coupling g n , they also increase the value of g tr n , and these two effects balance in the resulting maximal luminosity.
Bremsstrahlung emission of heavy axions
In this section, we study the nucleon-nucleon axion bremsstrahlung process (2) in the onepion-exchange approximation (OPE), 5 in which nucleons interact with each other by exchanging one pion. In addition, we will consider non-degenerate nucleons, and will be focused, for simplicity, on the n n bremsstrahlung (n = neutron), leaving the more general results for the appendix. Wherever it is possible, throughout this section, we will follow the conventions used in [15] and [16] . In particular, we will use "p i " and "a" respectively for the nucleons and for the axion four-momentum, and "ω a " for the axion energy.
All the observables we are interested in can be expressed in terms of the differential axion emission rate:
where
is the Lorentz-invariant phase-space volume element for the four nucleons, while dΠ a = d 3 a/[(2π) 3 2ω a ] refers to the axion. The occupation numbers of the nucleons f i ≡ f (p i ) are given by the Maxwell-Boltzmann distribution:
have been omitted, since we are considering non-degenerate nucleons. From the above definition, the axion number emission rate N and the axion energy emission rate Q are respectively:
so that Q/N gives the mean energy of the emitted axions. For massless axions, the matrix elements squared summed over spins is:
where g n ≃ m/f a , α π = (2f m/m π ) 2 /4π ∼ 15 (f ∼ 1 is a phenomenological constant that accounts for the nucleon-pion interaction) and S is the usual symmetry factor: S = 1/n! for n identical particles in the final state. 7 The three-momentum transfers in the "direct" and "exchange" diagrams are indicated respectively with k = p 2 −p 4 and l = p 2 −p 3 (see figure 4 in the appendix). Observe that k 2 ∼ 3mT so that k 2 /m 2 π ∼ 0.15 (T /1 MeV). Certainly, in a medium with T ∼ a few 10 MeV, like the SN core, the pion mass can be neglected, 8 and the expression for the matrix element squared can be considerably simplified:
wherek = k/|k| andl = l/|l|. In this case, from the definitions in (5), one gets:
where β = 1.31 accounts for the contribution of| k ·l| 2 (see the appendix), while T MeV = T /1MeV and ρ 12 = ρ/(10 12 g cm −3 ). Analogously,
where β ′ = 1.02 is defined similarly to β (see the appendix). Finally
is the mean energy of the emitted axions, in the limit of negligible pion and axion masses.
If the assumption that the axion is massless is removed, eq. (6) can no longer describe the axion bremsstrahlung. This can be understood by the following argument. If m a = 0, we can consider the limit of |a| ≪ ω a . In this limit, we expect M 2 → 0. In fact, as any Goldstone mode, axions interact only derivatively and thus the axion-nucleon coupling must vanish for vanishing axion three-momentum a. Instead, M 2 0 does not depend on a, and so it can not describe the correct behavior in the above limiting situation. The range of validity of the standard result is indeed ω a ≫ m a , which means |a| ∼ ω a . 7 The above result, (6) , is the same as the result in [15] and [16] . Observe, though, that in [16] Can is used in place of gn, with gn = (2m/fa)Can. In addition, it is defined αa such that g 2 n = 4παaC 2 an . 8 We will frequently refer to the "massless pion limit" or "negligible pion mass effects", etc. throughout the paper. With these expressions we will always intend k 2 /m 2 π ≪ 1. We have, then, calculated the matrix element squared assuming, in place of m a ∼ 0, the more general hypotheses:
i) The nucleon mass is much larger than both the temperature, m ≫ T , and the axion mass, m ≫ m a ;
ii) The axion mass is negligible with respect to the momentum transfer
If T is less than a few 10 MeV, the above hypotheses are easily satisfied in the range m a ∼ 0, up to m a ∼ a few T . Note also that, since the kinetic energy of the emitted axions is ∼ 2 − 3T , hypotheses (i) and (ii) imply that the axion three-momentum is negligible with respect to that of the nucleons.
Assuming the hypotheses above we have found:
Therefore, the more general assumptions above have led to a very simple modification of expression (6) . The correction factor a 2 /ω 2 a = (1 − m 2 a /ω 2 a ), which actually is the velocity squared of the emitted axion, becomes fairly irrelevant (∼ 1) in the limit m a ≪ ω a . Observe that the result (11) confirms the expected behavior for small axion momentum.
Using the complete matrix element squared (11) we have calculated, numerically, the axion number and energy rates (5). Our results are shown in figure 1 , where we plot the effects of pion and axion mass on the emission and the energy emission rates. In the left panel, we show the correction to the axion emission rate Similarly, in the right panel of figure 1 we consider the axion energy emission rate
for m a = 0, 1, 2, 3 MeV, with (solid lines) and without (dashed lines) the pion mass contribution. Observe that both R N and R Q depend on the ratios m a /T and m 2 π /mT , and not separately on m a , m π and T .
As anticipated, in the temperature range of interest for the mechanism [10] , T =2-5 MeV, the effect of the pion mass is important, and can be up to one order of magnitude, as expected from the pion propagator suppression. In fact, for T ∼ < 5 MeV, m π > |k| and |k| 4 /(|k| 2 + m 2 π ) 2 can be roughly approximated as |k| 4 /m 4 π ∼ 0.1 − 0.6, for T = 2 − 5 MeV. 9 Besides this, also the axion mass induces a suppression, which is about a factor 2, for m a ∼ T ∼ a few MeV. Clearly, when the mass is greater than the temperature, the suppression becomes exponential because of the nucleons Boltzmann distribution.
The ratio Q/N gives the mean energy ω a of the emitted axions. In figure 2 we present the average kinetic energy divided by the temperature: E kin /T = (ω a − m a )/T . This can be compared with the case of thermal axions, for which E kin /T is either 3/2 (non-relativistic) or 3 (relativistic). The dashed line is calculated, again, neglecting the pion mass. Thus it corresponds to the limit of high temperature. 10 In this limit, and for massless axions, the dashed line of figure 2 reproduces the result (10) as E kin /T ≃ 1.95 (left endpoint). We see that, in this case, the emitted axions are less energetic than thermal axions. At lower temperatures, the pion contribution is important, and the mean kinetic energy per temperature increases. In fact, for massive pions, low energy processes are more difficult, and the axions are emitted only by the most energetic nucleons. For example, at T = 1 MeV and for massless axions, E kin ≃ 2.48 T , about 30% more than in the high temperature limit. The dependence of E kin /T on the axion mass is less strong. It changes not more that 5% for the m a in the range 0 − 5T .
Let us finally discuss the axion mean free path λ, in the nuclear medium. This is defined as
that reduces to the definition (2) in [18] in the limit of zero axion mass. The notation dN (−a) means that the axion four-momentum must be taken with the opposite sign in the δ function, with respect to expression (3). In fact, in this case, the relevant process is the axion absorption N N a → N N , with the axion in the initial state. Of course λ is a function of the axion energy. A simple case, which is particularly interesting for the discussion below, is when the mean free path is large enough for the absorbed axions to be non-thermal. In this case, the average axion energy was calculated above (see figure 2) . With this assumption, in the limit of negligible pion and axion mass, λ can be well-approximated by the relation (see the appendix):
where we used ω a = 1.95 T . In figure 3 we have shown the reduction of the inverse mean free path due to finite axion and pion mass effects:
We notice that the pion mass contribution is similar in the absorption and in the emission processes. Thus, at low temperatures, we expect a suppression of (14) by a factor ∼ |k| 4 /m 4 π . On the other hand, the axion mass plays a different role in the two processes. In the appendix it will be shown that non-zero axion mass effects can be approximately accounted as
where K 1 is the modified Bessel function of the second kind. For example, for T = 2 MeV, m a = 1 MeV, we find R 1/λ ≃ 0.8, in accordance with figure 3. The contribution from the pion mass lowers the above result to ∼ 0.1 (using ∼ |k| 4 /m 4 π ∼ 0.1 for T = 2 MeV, we would predict R 1/λ ∼ 0.08).
We can now understand better what was discussed at the end of the last section about the "maximal luminosity" obtainable in the "axion-GRBs" mechanism of ref. [10] . As explained, in order to have a large luminosity, the axions must be not trapped in the accretion disk. This is the case for g n < g tr n , so that the axion mean free path does not exceed the accretion-disk radius. In the limit of negligible pion and axion mass, from (13) we get the relation for g tr n in terms of the accretion disk ratio R 100 = R/100Km, reported in [9, 10] : g tr n ≃ 1.5 × 10
MeV . 11 The maximal axion luminosity (per volume) corresponds, roughly, to Q Max ≡ Q(g n = g tr n ). We have shown that both the axion and pion mass contribute to reducing the axion luminosity, for fixed axion-nucleon coupling. However, these effects reflect also on the axion mean free path and consequently on g tr n , which increases, balancing the reduction of the axion energy emission rate. This is clear comparing figure 3 with figure 1 -right. Suppose, for example, that T = 2 MeVand m a = 1 11 Observe that in references [9, 10] this result was slightly overestimated because of the assumption E kin ≃ 3 T . MeV. We find a reduction of the axion luminosity by a factor of 7, compensated by an increment of the axion mean free path by a factor of about 9. Thus we find that Q Max is about 1.25 times larger, in the above conditions. This is confirmed in figure 4 , where we have presented the effect of the axion and pion masses on the maximal axion luminosity, as a function of the temperature. As anticipated, there are no significant changes in the resulting maximal luminosity, except for a factor of ∼ 2 − 4 in the region of very low temperatures.
Conclusions
The existence of a heavy non-standard axion with mass ∼ MeV can not be excluded by any phenomenological consideration. Indeed, explicit models have been considered in the past which relax the relation (1) between f a and m a and which allow the axion mass to be very large. Interestingly, a quite efficient mechanism for the GRB production was proposed in [10] , which requires a massive axion-like particle to transfer gravitational energy into the e + e − fireball. The conditions in which this particle is produced, temperature T ∼ a few MeV, and density ρ ∼ 10 10 − 10 12 g cm −3 , favor the nucleon-nucleon axion bremsstrahlung production. Even if this process has been studied extensively, the problem of the emission of an axion with mass not negligible with respect to the temperature of the medium has never been considered in the past. Thus, in particular, the luminosity reported in [10] is overestimated by a factor of 3 − 10.
In this paper, we have re-studied the problem of nucleon-nucleon axion bremsstrahlung, relaxing some of the old hypotheses in order to enlarge the possibility for applications. In this section, we summarize the most interesting points of this paper:
i) The usual assumption of negligible axion mass has been replaced with more general hypotheses: a) the nucleon mass is much greater than both the temperature, m ≫ T , and the axion mass, m ≫ m a ; b) the axion mass is negligible with respect to the momentum transfer m a ≪ √ mT ∼ 30(T MeV ) 1/2 MeV. If T is less than a few 10 MeV, the above hypotheses are easily satisfied in the range m a ∼ 0, up to m a ∼ T or so. As we have shown, (a) and (b) imply that the axion three-momentum is negligible with respect to that of the nucleons.
ii) We have computed the axion number and energy emission rate N and Q in the conditions of point (i). Besides the obvious kinematic suppression due to the reduction of the axion phase space, there is also a less trivial dynamical effect of non-zero axion mass, due to the change (11) of the matrix element squared. We also have considered the effects of finite pion mass, which are important for temperatures below ∼ 6 MeV. The final results are presented in figure 1 , in which we show the axion number emission rate (left panel) and energy emission rate (right panel), normalized to the standard one (m a = m π = 0), both considering (continuous lines) or neglecting (dashed lines) the effects of nonzero pion mass. As we see, in the temperature range of interest for the mechanism [10], 2-5 MeV, the suppression due to m π = 0 is important, and amounts to a factor from ∼ 2 up to one order of magnitude, as expected from the pion propagator suppression. On the other hand, the axion mass induces a suppression which is around a factor of 2, for an axion mass of a few MeV, and becomes much larger when the mass exceeds the temperature, mainly because of the Boltzmann exponential suppression.
iii) The two effects of non-negligible axion and pion mass show that the result of reference [10] overestimates the luminosity for fixed axion-nucleon coupling by roughly an order of magnitude.
iv ) The reduction of the nucleon-axion interaction rate induces an increment of the axion mean free path in the medium. Our numerical results are presented in figure 3 , where we show the behavior of R 1/λ (m a , m π ) = λ −1 (m a , m π )/λ −1 (0, 0), with λ(m a , m π ) the mean free path for fixed axion and pion mass. Again, for the dashed lines the contribution of finite pion mass was neglected.
v ) Even if the actual luminosity for fixed axion-nucleon coupling is reduced by almost an order of magnitude, the maximal luminosity obtainable in the "axion-GRBs" mechanism of ref. [10] does not considerably change. In fact, the reduction of the axion emission rate is compensated by the increasing of the mean-free path which ultimately allows a larger value for the axion-nucleon coupling constant, without trapping the axions in the disk. We note however that for this to happen one should be able to take a larger axion-nucleon coupling, which is usually not easy, since g n ∼ m/f a is only slightly model dependent.
vi ) We notice, to conclude, that our corrections to the results of ref. [9, 10] , even if nonnegligible, do not spoil the general idea of the "axion-GRBs" mechanism. As remarked in ref. [10] , the emitted axions can still produce the GRBs, even if their luminosity is reduced by one order of magnitude.
We also mention that for an axion such as the one described in [10] and [8, 9] , the brems strahlung process inside the SN core is very well described by the standard formula (8) . In particular, the effect of axion and pion masses on the limit on the axion-nucleon coupling, reported in ref. [8, 9] , is negligible.
For the general nucleon-nucleon axion bremsstrahlung process, α β → α β a, the functions Ω X , Ω X ′ are expressed as:
where the notation u i is a short for u(p i ), and the indexes α and β stand for the neutron (n) or the proton (p). For example, in the n p bremsstrahlung the two spinors u (α) , u (β) represent respectively the neutron and proton field and g a = g n , g b = g p , while for the n n or p p bremsstrahlung, u (α) ≡ u (β) and g α = g β . Finally, the matrix functions Γ are
We have computed the matrix element squared, summed over the nucleon spin, in the hypotheses (i) and (ii) of section 3. As explained, these imply that the axion threemomentum is negligible with respect to that typical of the nucleons.
An important consequence of (i) and (ii) is that p i · a ≤ |p i ||a| ≪ mω a , and m 2 a ≪ mω a , so that the second denominator of both equations (16) is simply ∼ ±mω a . Another consequence is that the axion mass is always negligible with respect to |k| 2 and |l| 2 ∼ 3mT . This considerably simplifies the computation of the matrix element squared.
The matrix spin |M| 2 contains three different contributions: i) a term from the product of two direct diagrams, which gives a contribution proportional to (|k| 2 + m 2 π ) −2 ; ii) a term from the product of two exchange diagrams, which gives a contribution proportional to (|l| 2 + m 2 π ) −2 ; and finally, iii) a term from the product of one direct and one exchange diagram, which gives a contribution proportional to (|k| 2 + m 2 π ) −1 (|l| 2 + m 2 π ) −1 . A straightforward, though very long, calculation leads to:
where we have averaged over the axion emission angles:
Observe that the dependence of (19) on the axion three-momentum, satisfies the requirement |M| 2 → 0 for a → 0, deducible from general considerations on the (pseudo-)Goldstone nature of the axion, as discussed in section 3.
For the coefficients in (19) we found, in general:
where f = f nn = −f pp . 14 14 Observe that there is a relative minus sign between direct and exchange diagrams for the case of n n or p p process. This is taken into account in the definition of the parameters (20). In fact, in C kl and C k·l , fααf ββ should appear in place of f 2 . So, for the n p process, C kl and C k·l are written in (20) with the wrong sign. However, this is compensated by the sign of C kl and C k·l in (19), which should be the opposite for the n p bremsstrahlung.
In the simple cases of n n or p p processes, relations (20) lead to the simple result:
that agrees with eq (6) (observe that in this case S = 1/4, and remember that α π = (2f m/m π ) 2 /4π). The more complicated n p scattering, instead, requires:
which leads to the matrix element squared:
In the limit m a = 0 this corresponds to the result in ref. [15] .
In what follows, we will refer to the n n process (the p p process is equivalent), unless we specify otherwise.
For the computation of the axion emission rate, it is rather convenient to introduce the new set of variables: 15 the center of mass momenta p 1,2 = P ± p i , p 3,4 = P ′ ± p f , where P = 1 2 (p 1 + p 2 ) and P ′ = 1 2 (p 3 + p 4 ); the cosine of the nucleon scattering angle z =p i ·p f ; the adimensional parameters: u = p 2 i /mT , v = p 2 f /mT , y = m 2 π /mT , x = ω/T , and q = m a /T . Thus the matrix element squared can be conveniently expressed as:
where ζ = (1 − q 2 /x 2 ) 1/2 is the axion velocity, and η = (η k + η l + η kl − 3η k·l ),
Observe that the axion velocity ζ measures the only contribution of finite axion mass to the matrix element squared. For negligible axion three-momentum (with respect to that of the nucleons) the delta function in (3) is simply δ 3 (P − P ′ )δ(u − v − x)/T . Moreover the axion distribution is isotropic, since we have already averaged over the axion momentum directions. Hence, dΠ a = (T /2π) 2 ζx dx, and expression (3) can be recasted in the more convenient form: 15 The notation here strictly follows the appendix of ref. [16] .
where the constant factor Q = 32 105
is related to the axion energy emission rate for m a = m π = 0 (8), as we are going to show. In fact we can write the axion energy emission rate as:
Observe that this corresponds to relation (B-6) in ref. [16] , except for the correction factor ζ 3 in (26) and the lower integration limit q. In the limit of negligible pion mass, η reduces to η 0 = 3(1 − η k·l ). We see that, for m a = 0, the first term in η 0 contributes to Q as 3Q. If we define Q k·l as the contribution to Q from 3η k·l , then, (still in the limit m a = 0), the second term in η 0 contributes to Q as −βQ, where β = Q k·l /Q ≃ 1.31. The same argument can be repeated for N , defining 3Ñ as the contribution to N from the first term in η 0 , N k·l as the contribution form the second term in η 0 , and β ′ = N k·l /Ñ ≃ 1.02. Finally, we recover (8) and (9) in the form: 16
Notice that the direct substitution of |k ·l| 2 with β/3 in the matrix (19) (see, e.g., [15] ) can be incorrect, even in the limit m a = 0, y ≪ 1, and is strictly valid only concerning the contribution to the axion energy emission rate. For example, the substitution above would have brought the result N 0 =Ñ (3 − β) ≃ 1.69Ñ , instead of N 0 =Ñ (3 − β ′ ) ≃ 1.98Ñ . However the error that results is less than 20%, which is usually negligible with respect to other approximations necessary for the calculation (see, e.g., the discussion in [17] , page 120).
For the sake of comparison with other papers, we consider the dynamical contribution to the axion energy emission rate Q, in the limit of zero pion mass, in the n p bremsstrahlung. Suppose g n = g p = g N . Then, from (23), and substituting |k ·l| 2 = β/3, we find
that means {M 2 } np = 4[(7 − 2β)/(3 − β)]{M 2 } nn , about 10.4 times larger. This agrees with the results in [15, 18] , in the limit of zero axion mass. The analogous contribution to the axion emission rate N , has the same expression as above, but with β → β ′ , and leads to N ∼ 10 times larger. The average energy of the emitted axions in the n p bremsstrahlung, is then slightly larger, ω a ∼ 2.02, with respect to the n n or p p process.
We finally consider the mean free path. In this case the relevant process is the axion absorption by the nuclear medium N N a → N N . Thus the axion energy appears in the δ function with the opposite sign with respect to (26). The axion mean free path can then be written as
16 It is useful to notice that du dv dx x n √ uv e −u δ(u − v − x) = 8/5 for n = 1, and 128/35 for n = 2. Thus N = (7/16)Q/T.
Eliminating the integration over v, by virtue of the δ function, we get 
Observe that, if η is constant, f (x, y) can be analytically expressed in terms of the modified Bessel functions. In ref. [18] , it is assumed η ≃ 3 − β, which is a pretty good approximation in the limit y ≪ 1 (see the discussion above). In this case, expression (33) reduces to 
where we have usedQ(3 − β) = Q 0 . This expression leads directly to the results (13) and (15) in section 3.
